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Fractional Langevin equations in viscoelastic systems

Coupled set of Markovian processes (e.g., Rouse model for polymers):

mir̈i(t) = k(ri − ri+1) + k(ri−1 − ri)− ηṙi +
√

2ηkBT × ζi(t)

Integrating out all d.o.f. but one y Generalised Langevin equation (GLE):

mr̈(t) +

∫ t

0

η(t− t′)ṙ(t′)dt′ = ζ(t) ∴ η(t) =

N∑
i=1

ai(k)e
−νit → t

−α

Kubo fluctuation dissipation theorem (in conti limit η(t) ' t−α fractional Gaussian noise):

〈ζi(t)ζj(t′)〉 = δijkBTη(|t− t′|)

y fractional Langevin equation. Overdamped limit: Mandelbrot’s FBM

Quantum mechanics: Nakajima-Zwanzig equation using projection operators

Hydrodynamics: Basset force with η(t) ' t−1/2 due to hydrodynamic backflow
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Single lipid motion in bilayer membrane MD simulations

Liquid disordered Liquid ordered Gel phase
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Sample trajectories for the lipid & cholesterol motion
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Reproducible TA MSD & antipersistent correlations
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Rattling dynamics: exptl first passage PDF y FLE motion
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Membranes strongly & heterogeneously crowded by proteins

Figure courtesy Helmut Grubmüller 6



Protein crowded membranes reduce effective mobility
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Crowding in membranes: non-Gaussian lipid/protein diffusion
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Crowding in membranes increases dynamic heterogeneity
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Crowding in membranes increases dynamic heterogeneity
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Confinement in argon system shows geometric origin
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d e

f g h

J-H Jeon, M Javanainen, H Seara Monne, RM & I Vattulainen, PRX (2016) 11



Geometry-induced violation of Saffman-Delbrück relation
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In vivo anomalous diffusion of submicron tracers: 〈r2(t)〉 ' tα
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Passive motion of submicron tracers is viscoelastic
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Superdiffusion in living Acanthamoeba castellani

inhibits myosin II motors

depolymerises microtubules

inhibits actin polymerisation

y motors cause superdiffusion
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Non-Gaussian diffusion in viscoelastic systems

So far consensus: submicron tracer motion in cytoplasm is FBM-like, i.e., Gaussian

RNA-protein particles in E.coli & S.cerevisiae perform exponential anomalous diffusion:
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Non-Gaussian diffusion of Dictyostelium cells
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CTRW-like motion of Ka channels in plasma membrane
B CA B

○

ψ(τ) ' τ−1−α scale free

δ2(∆) apparently random

δ2(∆) 6= 〈r2(∆)〉 WEB

T

AV Weigel, B Simon, MM Tamkun & D Krapf, PNAS (2011) 18



Ageing in the motion of membrane embedded proteins
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Time averaged MSD & weak ergodicity breaking (WEB)

Time averaged MSD ' ∆ is pseudo-Brownian and ageing (〈x2(t)〉 ' Kαt
α):〈

δ2(∆)
〉
∼

1

N

N∑
i

δ2
i (∆) ∼

2dKα

Γ(1 + α)

∆

T 1−α ∴ Kα ≡
〈δr2〉
2τα

Amplitude distribution δ2 of trajectories (ξ ≡ δ2/〈δ2〉):

φα(ξ) ∼
Γ1/α(1 + α)

αξ1+1/α
L

+
α

(
Γ1/α(1 + α)

ξ1/α

)

φ1/2(ξ) =
2

π
exp

(
−
ξ2

π

)
; φ1(ξ) = δ(ξ − 1)

Confinement does not effect a plateau (〈x2(t)〉 ' const(T )):〈
δ2(∆)

〉
∼
(〈

x
2
〉
B
−〈x〉2B

) 2 sin(πα)

(1− α)απ

(
∆

T

)1−α

;
1

(Kαλ1)1/α
� ∆� T
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Y He, S Burov, RM & E Barkai, PRL (2008); Generalised Khinchin theorem: S Burov, RM, & E Barkai, PNAS (2010) 20



Granule subdiffusion in harmonic optical tweezer potential
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〈r2(t)〉 ' tα 〈r2(t)〉 ' const

α ≈ 0.80..0.86

J-H Jeon, V Tejedor, S Burov, E Barkai, C Selhuber-Unkel, K Berg-Sørensen, L Oddershede & RM, PRL (2011) 21



Higher order moments of the scatter: skewness & kurtosis

M Schwarzl, A Godec & RM, Sci Rep (2017) 22



Self-similar internal protein dynamics: 13 decades of ageing
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Ageing effects in single trajectory time averages

atageing period measurement t

Ageing mean squared displacement (Λ(z) = (1 + z)α − zα)〈
δ2(∆)

〉
a

=
Λα(ta/T )

Γ(1 + α)

g(∆)

T 1−α < 〈x2
(t)〉a '

{
tα, ta � t

tα−1
a t, ta � t

Probability to make at least one step during [ta, ta + T ]: population splitting

mα(T/ta) ' (T/ta)
1−α

, T � ta
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J Schulz, E Barkai & RM, PRL (2013), PRX (2014) 24



WEB in granular gas & SBM as mean field theory
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Haff’s law: T (t) = T0/(1 + t/τ0)
2

〈r2(t)〉 ∼ 6D0τ0 log(1 + t/τ0)〈
δ2(∆)

〉
∼ 6D0τ0∆/T

A Bodrova, AV Chechkin, AG Cherstvy & RM, NJP (2015); PCCP (2015); suppressed overdaming transition: Sci Rep (2016) 25



Non-existence of the overdamped limit in slow SBM
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Crossover from ballistic to overdamped motion no longer defined by time scale of inverse

friction. For small α & ultraslow the SBM overdamped limit is never fulfilled

Ageing case: [H Safdari, A Bodrova, AV Chechkin, AG Cherstvy & RM, PRE (2017)]

A Bodrova, AV Chechkin, AG Cherstvy, H Safdari, IM Sokolov & RM, Sci Rep (2016) 26



Time averages & ageing in financial market time series

dX(t) = µX(t)dt+ σX(t)dW (t)

δ2
d
(∆) =

T−∆∫
td

[X(t+ ∆)−X(t)]2 dt

T − td −∆

∼
∆

T − td
X

2
0

(
e
σ2T − eσ

2td

)

log
[〈
δ2
d
(∆, td)

〉/〈
δ2(∆)

〉]
∼ td/T

AG Cherstvy, D Vinod, E Aghion, AV Chechkin & RM, NJP (2017) 27



First-past-the-post: few-encounter limit in cell signalling
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∑
ummary

: Antipersistent & persistent FBM-like motion

:: Transient anomalous diffusion in lipid bilayers:

Disorder increases anomalies

::: Non-Gaussian, heterogeneous diffusion in crowded bilayers

Features qualitatively reproduced in confined argon

:::: 13 decades of ageing in single proteins

; CTRW-like, ageing & weakly non-ergodic diffusion

of protein channels in plasma membranes

;: Anomalous diffusion non-universal y which process?

y Inference methods: RM & al, PCCP (2014)

;:: Anomalous diffusion in membranes:

RM & al, BBA Biomembranes (2016)

;::: Single molecule manipulation & tracking:

C Nørregaard et al, Chem Rev (2017)

E Barkai, Y Garini & RM, Phys Today (2012) 29
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